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ENERGY VARIANT OF THE UNTAXIAL THEORY OF CREEP AND RUPTURE STRENGTH
V. P. Radchenko ; UDC 539.376

All of the procedural recommendations contained in [1] which pertain to the third
stage of creep are based either on strain-hardening theory or on flow theory, and they all
have several shortcomings. One deficiency is the impossibility of describing reverse creep
during unloading. Ignoring the latter in calculations will lead to errors in finding the
time to rupture, particularly under transient and cyclic loads. Another unresolved problem
is formulating the governing rheological equations, which make it possible to describe
creep beyond the elastic limit. There is also the question of the selection of a fracture
criterion that could be used to describe the following experimentally observed facts: the
nonmonotonic character of the limiting inelastic strain during fracture; the nonlinear
character of rupture-strength curves; the presence of a stage of "avalanche" creep. Thus,
in the present study, we want to develop a creep theory and fracture criterion for metals
that will allow us to solve the problems just mentioned.

1. We used the method of strain separation as the basis for construction of the cor-
responding rheological equations. This method has been proposed for the first and second
stages of creep [2]. To decribe the third stage, it is customary to adopt a hypothesis in
which the damage process is directly connected with the cumulative inelastic strain and the
running stress. One characteristic of the state of the material is the damage parameter,
which is linked with the relative reduction in the cross-sectional area of the specimen and
the consequent increase in the true stress due to microscopic fracture of the material dur-
ing deformation [3-9].

In the present study, we further develop the energy approach proposed in [10-12] to
describe the stage of softening of the material. In accordance with this approach, the
damage parameter is assumed to be proportional to the linear combination of the amounts of
work done by the true stress on creep strain and on plastic deformation. The main form of
the governing equations is as follows

ge= e+ & 4+ p, ¢e= 6/E, e? = MS'(O‘)O.', p=u-t+ v+ w,
L]

w(ty= 3 u, (1), up, (1) =hy [ay (06 ()/0x)® — 1y (D],

h=1
s . Ay |8, (0 (6)/0,)" — v, ()], by (0 (1)) > v, (2),
vy =3 vy (1), vp(t) = k[hc()ﬂn) v, ( ] B Y0s k
k=1 0, by (0 (1)/04)" < vy (2);
w () =c (0 (t)/o,)": (1.1)
g = oo(1 - o); (1.2)
© = yoeP + aop, (1.3)

where ¢ is the total strain; e and eP are the elastic and plastic strain; p is the creep
strain; u, v, and w are the viscoelastic, viscoplastic, and viscous components of p; g
and o are the nominal and true stresses; E is the Young’s modulus; M., ay, by, ¢, n, m, o,
are rheological constants of the material which can be used to describe the first and

Kuibyshev. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No.
4, pp. 172-179, July-August, 1991. Original article submitted March 13, 1990.
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TABLE 1

Material| T, °c M(;’:, Emi,(;‘5, g h y1, MPa™1 AQ.VMJ /msy m,
E1 698 750 | 480,71 1,47 5,72.10-¢ 12,145 6,93.10-3 201,2 0
EP 693 750 | 716,3 1,29 3,26-10-% 2,242 4,53.10-3 96,6 0
oT &4 500 | 176,6 0,68 2,35.10-¢ 2,61 3,24.10-2 38,94 0

second stages and their irreversible parts; v and a are material parameters which govern
its softening. The value of « = 1 at g(t) > o(r) (0 €7 < t) and « = 0 if it becomes
possible to indicate the moment when o(t) = o(t).

A detailed analysis of the experimental data shows that in the general case y =
v(eP), @ = a(o,), and we can express these functions through power approximations of the
form

=1 ()2, o=o (oo)mi. (1.4)

For a number of materials, vy = const and a = const in special cases.

2. The time to rupture is usually evaluated using fracture criteria based on strain
(5, 7, 13], energy (dissipation) [6, 13, 14], or thermodynamics [15-19] or criteria
connected with attainment of a certain critical value by the damage parameters (or
functions of these parameters) [8, 20-22]. We will give preference to energy-based
fracture criteria, since they permit description of the nonmonotonic character of inelastic
strain without particular complication [7, 22-24] while proving very convenient (due to the
additivity of different forms of energy) [25].

To predict time to rupture t = t,, we propose the following relation as a criterion

iy h!e
[ (o @ag) ae? () + { (o (0/45) dp (1 =1, (2.1)
0 0

where A, = AP(T) and A,° = A,°(T) are the critical values of the amounts of work done by
the true stress on instantaneous plastic strain and on creep strain. For a fixed tempera-
ture, these quantities are material constants. We will show that (2.1) can also be
obtained from thermodynamic considerations on the basis of the approach proposed in [15,
16]. 1In accordance with this approach, fracture of the material occurs when the internal
energy density reaches a critical value. Theoretical and experimental studies conducted in
[26] suggest that the critical energy density is independent of the loading process and is
a material constant.

The internal energy u, accumulated in an element of a body being deformed is deter-
mined as the sum of two components. Part of this energy is due to the accumulation of the
potential (stored, latent) energy u® in the volumes of the material being deformed (this
energy being related to the formation of various defects and serving as a quantitative
characteristic of the damage to the material during deformation), while another part is
accumulated in the form of heat content u’. This leads to weakening of the interatomic
bonds and, as a result, a physical weakening of the material. Thus, proceeding on the
basis of the energy superposition principle [25]), we have

u, = u® + uT. (2.2)
In accordance with the above, the fracture criterion takes the form
u+(t*)=u0—i—u1(t*)=u*, (2.3)
where u; = uy(T) is the initial value of specific internal energy; u; is the increment of

internal energy during the time of deformation; wu. is a material constant. The increment
Au = Au; during the time At is made up of two components:
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Au = Au® + AuT, Auf =o08e” 4+ 0Ap, AuT = AuT + Au (2.4)

[ R |

Here, in contrast to the work done [6, 14-19, 26], the increment of potential energy Au® is
written not for the nominal stress, but for the true stress o; Auf, Auf is the increment
of heat content during plastic deformation and creep. The subsequent problem consists of
determining Au’. Even under laboratory conditions, direct measurement of this quantity by
means of calorimetry is a difficult proposition. It is almost impossible to determine au’
by such an approach when evaluating the creep of structural elements under actual service
conditions. Thus, we need to find other ways of evaluating Au’.

The experimental data in [26] allows us to introduce the following hypothesis: Au,’
and Au,’ are proportional to oAeP and oAp respectively. We change (2.4) to the form

Au_ == oAeP (1 + Au] /oAe?) 4- 0Ap (1 - Auj/oAp). (2.%)

Using this hypothesis and the notation 1 + Auf/aAsP = C(eP), 1 + Au;VaAp = D{g,), we write
(2.5) in the form

Au, = C(€P)oAeP 1 D{oy)oAp. (2.6)

After integrating (2.6), we obtain the below fracture criterion from (2.3)

ix tx
jC(ep)adep—i—j‘D(Uo)odpzu’(T), (2.7)
0 0

where u'(T) = u, — u(T). With a fixed temperature in the special case CleP) = C, = const,

D(¢,) = D; = const, we find from (2.7) that

ix 1%
{ (o142 (1)) ae? + | (ora (1)) ap =1 (2.8)
0 0

(A2 = w(T)/Cy, A = u'(T)/D;). It can be seen that (2.8) coincides with (2.1).

Thus, criterion (2.1), (2.8) differs from similar criteria in [6, 14-19, 26] in that
true stress is introduced both into the constitutive equations and into the fracture crite-
rion. Another difference is that inelastic strain is represented as the sum of plastic
strain and creep strain.

3. Let us examine a method of determining the material constants and the experiment
needed for this purpose. We use the standard instantaneous stress-strain curve as the ini-
tial data to comstruct plasticity function S(o¢) and find vy and A,P. Despite the known dif-
ficulties of obtaining these results for high temperatures, there are sufficiently reliable
methods for constructing such curves [27, 28].

Since p = 0 in the given case of creep and active loading is taking place (¢ > 0),
Egs. (1.1)-(1.3) take the form
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294,3

&= 0lE+ S(0), 0= oyl + ), = yoeP. (3.1)

We use the initial section of plastic deformation on the stress-strain curve (where eP
should not exceed 1-2%) to determine the form of the plasticity function S(o). Then the
smallness of eP allows us to assume that damage from plastic strain is slight and that o =
o,. For example, the initial section can be approximated by the power relation
ef = glo — o). (3.2)

Here, o, is the proportional limit; g and h are constants that can be determined by the
least squares method.

It is easy to use the second and third relations of (3.1) and (3.2) to obtain an ex-
pression linking the true ¢ and nominal o, stresses and the plastic strain function eP =
¥(oy) in implicit form:

ep
0= 0, exp (24 () ), 7 () = [ 7 (e7) ae?; (3.3)
4]
e =g [0 exp (v (") 05) — 0 ]" (3.4)
We solve (3.4) for v.(eP):
v (¢7) = 10 [ ((P/e) ™+ 04) /9,0 (3.5)

We calculate the parameter +v.(eP) by means of (3.5) and several experimental points on the
instantaneous stress-strain curve (o,, eP), including points on the section corresponding to
unstable deformation. Then using the first approximation of (l.4), we find the constants
7, and m,. With p = 0, we find from (2.1) and (3.3) that

where e,f is the plastic strain corresponding to fracture of the specimen.

The initial data for finding the parameters of Eqs. (1.1)-(l.3) are steady-state
creep curves continued to fracture for several nominal stresses o, lower than the propor-
tional limit.

Let us present an algorithm for calculating the parameters which describe creep.

A. Separating the first and second stages of creep graphically or using more
accurate and reliable methods [29, 30], we employ the procedure in [31, 32] to find the
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parameters A, g, b, ¢, n, m, o,.
B, The quantity a = a;(¢,)™ and the constant A,° are found from experimental data on
steady creep with fixed o4, by minimizing the functional

3, [(5= )/ ] min 3.6)

=1

where t; and tj*, respectively, are theoretical and experimental values of time correspond-
ing to the same strain; N is the number of points used in minimization (3.6). For this
purpose, we vary o and we perform calculations with (1.1)-(1.3) until we attain the experi-
mental value of inelastic strain corresponding to the moment of fracture t = t,. We then
choose the value of a for which condition (3.7) is satisfied. The value of A,° is determ-
ined from Eq. (2.1):

te
adp.
1]

tg
A = [1 — 5 (0/47) depJ
1]

C. After we find a and A,° for several values of gy, we construct the approximation
a = al(a&ml (the variant o = const is possible in a special case) and we average A,°.

4. To check the proposed model (1.1)-(1.4) and criterion (2.1), we conducted a
series of tests of alloy EI698 at T = 700, 750, and 775°C, alloy EP693 at T = 700, 725, and
750°C, and alloy EP742 at T = 650 and 750°C. As an example, Fig. 1 shows the result of
calculation of the elastoplastic stress-strain curve of alloy EI698 at T = 750°C: the
solid line shows the experimental data, the dashed line shows the result calculated from
model (1.1)-(l.4) in the coordinates &—v,, and the dot-dash line shows the result in the
coordinates e—o. Table 1 shows the material constants used to calculate elastoplastic
strain for all of the materials studied here. It can be seen from Fig. 1 that the
theoretical e—o; curve is nonmonotonic, with a maximum which corresponds to the theoretical
ultimate strength. The curve in the true stresses e—o 1s strictly monotonic. One of the
important results obtained here is a theoretical description of the nonmonotonic character
of the instantaneous stress-strain curve. As is known [23, 33], it is in this regard that
the greatest difficulties are encountered in the approximation.

The dashed lines in Fig. 2 show the result of calculation of the steady creep of
alloy EI698 at T = 750°C. The solid lines show experimental data, while the numbers show
the stress (in MPa). The rheological constants for this alloy are shown in Table 2.

Figure 3 presents an example of the calculation (dashed line) for alloy EP693 at T = 725°C
under nonsteady loading. The solid lines show experimental data, while the numbers show
the stress (MPa). The material constants are shown in Tables 1 and 2.

Analysis of the theoretical and experimental data showed that reversible creep strain
during the third stage is considerably greater than on the initial section. Thus, for the
upper realization in Fig. 3, this strain is 3.65 and 5.6 times greater, respectively, for
the last unloading stage when determined experimentally and theoretically. The correspond-
ing figures for the lower realization are 3.0 and 2.81. This shows that unloading occurs
at the true stress ¢ rather than o, and indicates that the former increases during
deformation.
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TABLE 3

Q %
— 17,48 12,9 9,5
Te * * * *
iy iy i3 ty
h
93,1 444 445 356 455,8
112,8 241 265 216 240,1
127,5 141 155 139 137,7
1471 65 78 . 83 70,3
176,6 38 26 43 30,1

We used the data in [34] to compare the proposed model (1.1)-(1.4), (2.1) with
existing theories. The data in [34] was obtained from creep tests of titanium alloy
OT-4 at T = 500°C. The missing parameters for calculating elastoplastic strain were
determined from the experimental data in [33], which presented curves of this alloy for T =
20, 100, 200, 300, and 400°C. After these results were analyzed by the method we have
proposed, we extrapolated the data for T = 500°C. Tables 1 and 2 show the constants of
model (1.1)-(1.4), (2.1) for alloy OT-4 at T = 500°C. The solid lines in Fig. 4 show
experimental data obtained for this alloy by different authors. The dot-dash lines show
the results calculated from the energy variant [6, 14], while the dashed lines show the
results calculated with our model. Table 3 shows values of time to rupture calculated by
different authors for this alloy. Here, t; are the experimental results from [34], t; are
the results calculated in [6, 14) on the basis of an energy criterion, t," are the results
calculated in [7) using a strain criterion, and t,” are the results calculated using model

. 1 % .
(1.1)-(1.4), (2.1). Table 3 also shows the mean relative error Qizzzrﬁgi(tz~—t“)/t;](uz2£,&

of the deviation of the theoretical values of time to rupture from the experimental data
for each criterion. It is evident that, on the whole, Eqs. (1.1)-(1.4) approximate the
experimental results somewhat better than do the equations from [6, 14], while criterion
(2.1) is more accurate than the criteria in [6, 7, 14].

The solid lines in Fig. 5 show typical theoretical rupture-strength curves obtained
in accordance with criterion (2.1) for alloy EI698. The points show averaged data, while
the numbers represent temperatures. It can be seen that the curves are of a distinctly
nonlinear character and have a point of inflection. Here, we can tentatively distinguish a
straight section and two adjacent sections, three regions characterized by different frac-
ture mechanisms.

Lines 1 and 2 in Fig. 6 show theoretical relations for the limiting elastic strain " =
e"(0,) for alloy EP742 at T = 750°C. It is evident that governing equations (1.1)-(1.4) and
criterion (2.1) describe the nonmonotonic character of &" = £"(g,) with either one or two
local extrema. The authors of [6, 8, 22, 23] either described only monotonic relatiocns ¢* =
e*(oo) or nonmonotonic relations with one local extremum.

We should point out the following interesting fact. Although the stress o; may not
exceed the proportional limit, damage accumulation over time causes the true stress o to
become higher than this limit, and instantaneous plastic strain will be superimposed on the
creep strain. This event corresponds to the so-called fourth ("avalanche") stage of creep
discussed in [35, 36]. The manifestation of this stage was mentioned in [37] from the
viewpoint of the mechanics of microscopically nonuniform media. The arrows in Figs. 2-4
indicate the beginning of the avalanche stage of creep, although o, < o, in every case. In
contrast to [27], where the technique of determining the beginning of this stage was used
only for steady creep curves, the beginning of the avalanche stage can be determined on the
basis of model (1.1)-(1.4), (2.1) for any law of stress change. Using this approach also
substantiates the physical state of the material at the onset of avalanche creep.

Separation of inelastic rheological strain into plastic strain and creep strain makes
it possible to avoid the typical problem of other theories (in which no such distinction is
made) which is connected with the need to introduce the hypothesis of a "jump" in internal
energy with the tramsition through a certain value of o, [38]. In fact, there is simply a
change in the fracture mechanism, and the first term in (2.1) begins to play an important
role.

Thus, proposed model (1.1)-(l.4) and fracture criterion (2.1) make it possible to de-
scribe several facts which pose great difficulties from a phenomenological viewpoint.
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